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2 Overview of Functional Clustering Methods

•

•
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2 Transformation of Observed Data

• 𝑥1, ⋯ , 𝑥𝑛 𝐿2 0, 𝑇

•

𝑥𝑖𝑗 = 𝑥𝑖 𝑡𝑖𝑠 𝑡𝑖𝑠: 𝑠 = 1,⋯ ,𝑚𝑖

•

𝜓1, ⋯ , 𝜓𝑝

•

ෝ𝛾𝑖 = Θ𝑇Θ −1Θ𝑖𝑋𝑖
𝑜𝑏𝑠

Θ𝑖 = 𝜓𝑗 𝑡𝑖𝑠 𝑋𝑖
𝑜𝑏𝑠 = (𝑥𝑖

𝑜𝑏𝑠 𝑡𝑖1 , ⋯ , 𝑥𝑖
𝑜𝑏𝑠(𝑡𝑖𝑚))

•
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2 FunFEM

•

• 𝑥1, ⋯ , 𝑥𝑛

FunFEM
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2 FunFEM

• 𝑑 = 𝐾 − 1 𝐾

• 𝑑 = 𝐾 − 1 𝑑 ≤ 𝑝

𝑑 𝜙𝑗 𝑗=1,⋯,𝑑

• 𝜙𝑗 𝑗=1,⋯,𝑑
𝜓𝑗 𝑗=1,⋯,𝑝

𝜙𝑗 = σ𝑙=1
𝑝

𝑢𝑗𝑙𝜓𝑙 𝑝 × 𝑑 𝑈 = (𝑢𝑗𝑙)

• Γ Λ 𝑥1, ⋯ , 𝑥𝑛

𝜓𝑗 𝑗=1,⋯,𝑝
𝜙𝑗 𝑗=1,⋯,𝑑

Γ Λ Γ = 𝑈Λ + 𝜖 𝜖 ∈ ℝ𝑝

Model Assumptions
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2 FunFEM

• 𝑍 = 𝑍1, ⋯ , 𝑍𝑘 ∈ 0,1 𝐾

• 𝑍 Λ

Λ|𝑍=𝑘 ~ 𝑁 𝜇𝑘 , Σ𝑘 .

• 𝜖 𝜖 ~ 𝑁 0, Ξ

• Ξ Δ𝑘 = 𝑐𝑜𝑣 𝑊𝑇Γ 𝑍 = 𝑘) = 𝑊𝑇Σ𝑘𝑊

𝑊 = [𝑈, 𝑉] 𝑉 𝑈

Model Assumptions -
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2 FunFEM

• Γ

𝑝 𝛾 = ෍

𝑘=1

𝐾

𝜋𝑘𝜙(𝛾; 𝑈𝜇𝑘 , 𝑈
𝑇Σ𝑘𝑈 + Ξ)

𝜙 𝜋𝑘 = 𝑃 𝑍 = 𝑘

Model Assumptions –
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2 FunFEM

•

•

𝐹

• 𝐹 𝑈

•

Model Inference
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2 FunFEM

• 𝑡𝑖𝑘
(𝑞)

= E zik 𝛾𝑖 , 𝜃
(𝑞−1)]

• 𝑈

•

Model Inference – The F-step

13



2 FunFEM

• 𝑢 ∈ 𝐿2[0, 𝑇] 𝑢

max
𝑢

𝑉𝑎𝑟(𝐸[Φ 𝑋 |𝑍])

𝑉𝑎𝑟(Φ 𝑋 )

Φ 𝑋 = 0׬
𝑇
𝑋 𝑡 𝑢 𝑡 𝑑𝑡 𝑋 𝑢

• 𝑢

Model Inference – The F-step
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2 FunFEM

• 𝑈(𝑞)

𝑄 𝜃, 𝜃 𝑞−1 = 𝐸 ℓ 𝜃; Γ, 𝑧1, ⋯ , z𝑛 Γ, 𝜃 𝑞−1 ,

𝜃 = 𝜋𝑘 , 𝜇𝑘 , Σ𝑘 , 𝛽 𝑘=1,⋯,𝐾

•

𝐶𝑘 =
1

𝑛
𝑘
(𝑞−1)σ𝑖=1

𝑛 𝑡𝑖𝑘
𝑞−1

𝛾𝑖 − 𝜇𝑖
𝑞−1

𝛾𝑖 − 𝜇𝑖
𝑞−1

𝑇

Model Inference – The M-step
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2 FunFEM

• 𝑡𝑖𝑘
(𝑞)

= E zik 𝛾𝑖 , 𝜃
(𝑞−1)]

• 𝑡𝑖𝑘
(𝑞)

𝑡𝑖𝑘
(𝑞)

=
𝜋𝑘

𝑞
𝜙(𝛾𝑖 , 𝜃𝑘

𝑞
)

σ𝑙=1
𝐾 𝜋𝑙

𝑞
𝜙(𝛾𝑖 , 𝜃𝑙

𝑞
)
,

𝜃𝑘
𝑞

Model Inference – The E-step
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2 FADPclust

•

•

•

•

•

FADPclust
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2 FADPclust

•

•

•

•

Density Peak Detection
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2 FADPclust

• 𝑖 𝜌𝑖 𝛿𝑖

• 𝜌𝑖

𝜌𝑖 =෍

𝑗

𝜒(𝑑𝑖𝑗 − 𝑑𝑐)

𝜒 𝑥 = 1 𝑥 < 0 𝜒 𝑥 = 0 𝑑𝑐

• 𝛿𝑖 𝑖

𝛿𝑖 = min
𝑗:𝜌𝑗>𝜌𝑖

𝑑𝑖𝑗 .

Density Peak Detection in a Simplified Setting
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2 FADPclust

Density Peak Detection in a Simplified Setting

• (𝜌𝑖 , 𝛿𝑖)

•
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2 FADPclust

Functional Extension of Density Peak Detection

•

(𝜌𝑖 , 𝛿𝑖)

•

•

𝑅𝑘(𝑥) 𝑥
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2 FADPclust

Functional Extensions of Density Peak Detection

• 𝜌𝑖 𝛿𝑖

• 𝜌𝑖
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2 FADPclust

FADP1

• ( ሚ𝑓 𝑋𝑖 , ෩𝛿𝑖)

•

• 𝑿𝑖

• 𝐾 𝑥 ׬ 𝐾 𝑥 𝑑𝑥 = 1

• ℎ𝑘,𝑋 = min{ℎ ∈ ℝ+, σ𝑗=1
𝑛 𝐼𝐵 𝑋,ℎ𝑘,𝑋

𝑿𝑗 = 𝑘}

•
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2 FADPclust

FADP2

• ( ሚ𝑓 𝑋𝑖 , ෩𝛿𝑖)

•

•

•
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2 FADPclust

FADP2

• ( ሚ𝑓 𝑋𝑖 , ෩𝛿𝑖)

•

• 𝒚𝑖 ∈ ℝ𝑀 𝑿𝑖

• ෘℎ𝑘,𝑋 = min {ℎ ∈ ℝ+, σ𝑗=1
𝑛 𝐼 0,1

𝒚 −𝒚𝑗

ℎ
= 𝑘}

• መ𝑓𝑌 𝒚, 𝑘 𝒚
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2 Clustering with Curve Alignment

Clustering Misaligned Curves

•
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2 Clustering with Curve Alignment

Clustering Misaligned Curves

•

• 𝜌 ⋅ ,⋅

𝑊 ℎ
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2 Clustering with Curve Alignment

Alignment of Curves

•

𝑐1, 𝑐2 ∈ 𝐶 (𝐶 = 𝑐 ∶ 𝑐 ∈ 𝐿2 ℝ,ℝ𝑑 , 𝑐 ≠ 0

•

•
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2 Clustering with Curve Alignment

Alignment of Curves

• 𝑐1 ∈ 𝐶 𝑐2 ∈ 𝐶 ℎ 𝑠 𝑐1 ∘ ℎ

𝑐2

• 𝑊

𝑊 = ℎ ∶ ℎ 𝑠 = 𝑚𝑠 + 𝑞,𝑚 ∈ ℝ+, 𝑞 ∈ ℝ .

• (𝜌,𝑊)

• 𝜌 𝑐1 𝑐2

𝜌 𝑐1, 𝑐2 = 1

• 𝑊 ∘

• (𝜌,𝑊) 𝜌 𝑐1, 𝑐2 = 𝜌 𝑐1 ∘ ℎ, 𝑐2 ∘ ℎ , ∀ℎ ∈ 𝑊
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2 Clustering with Curve Alignment

Curve Clustering When Curves are Misaligned

• 𝑐1, ⋯ , 𝑐𝑁 𝑘

𝜙 = 𝜙1, ⋯ , 𝜙𝑘 ⊂ 𝐶

•

•

• 𝜙𝑗

•
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2 Clustering with Curve Alignment

Curve Clustering When Curves are Misaligned

• 𝑐1, ⋯ , 𝑐𝑁 𝑘

𝜙 = 𝜙1, ⋯ , 𝜙𝑘 ⊂ 𝐶 ℎ = h1, ⋯ , ℎ𝑁 ⊂ 𝑊

𝜓 = 𝜓1, ⋯ , 𝜓𝑘 ⊂ 𝐶 𝑔 =

𝑔1, ⋯ , 𝑔𝑘 ⊂ 𝑊.

𝑐𝑖 𝜆 𝜙, ci 𝜙
𝜆 𝜙,ci

ℎ𝑖
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2 Clustering with Curve Alignment

Curve Clustering When Curves are Misaligned

•

•
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2 Clustering with Curve Alignment

K-Mean Alignment Algorithm

•

•

•

•

•
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2 Clustering with Curve Alignment

K-Mean Alignment Algorithm – Template Identification Step

• 𝑗 = 1,⋯ , 𝑘 𝜙𝑗 𝑞

• 𝜙𝑗 𝑞 𝜙 ∈ 𝐶

• 𝜙𝑗 𝑞

• 𝜌

𝜙′𝑗 𝑞
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2 Clustering with Curve Alignment

K-Mean Alignment Algorithm – Assignment and Alignment Step

• 𝑐1
𝑞−1

, ⋯ , 𝑐𝑁
𝑞−1

𝜙[𝑞] =

𝜙1
𝑞
, ⋯ , 𝜙𝑘

[𝑞]

• 𝑐𝑖
𝑞−1

𝜙
𝜆 𝜙[𝑞],𝑐𝑖

𝑞−1

•
෪
𝑐𝑖
𝑞
= 𝑐𝑖

𝑞−1
∘ ℎ𝑖

𝑞
𝜆 𝜙[𝑞], 𝑐𝑖

𝑞−1
≡ 𝜆 𝜙[𝑞],

෪
𝑐𝑖
𝑞
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2 Clustering with Curve Alignment

K-Mean Alignment Algorithm – Normalization Step

•

•

•
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2 Clustering via Functional PCA

Functional PCA + Finite-Dimensional Methods

•

•

•

•
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2 Evaluation Metrics

Evaluating Clustering Results

•

•

•

• 𝑑 ⋅ , ⋅ .

• 𝐿2 𝑑
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2 Evaluation Metrics

Silhouette Coefficient

• 𝑖 ∈ 𝐶𝐼

𝑠 𝑖 =
𝑏 𝑖 − 𝑎(𝑖)

max{𝑎 𝑖 , 𝑏 𝑖 }

𝑎 𝑖 =
1

𝐶𝐼 −1
σ𝑗∈𝐶𝐼,𝑖≠𝑗

𝑑(𝑖, 𝑗) 𝑏 𝑖 = min
𝐽≠𝐼

σ𝑗∈𝐶𝐽
𝑑(𝑖, 𝑗)

•

•
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2 Evaluation Metrics

Dunn Index

•

𝐷𝐼𝐾 =
min

1≤𝑖≤𝑗≤𝐾
𝛿 𝐶𝑖 , 𝐶𝑗

max
1≤𝑘≤𝐾

Δ𝐾
.

• δ 𝐶𝑖 , 𝐶𝑗 = min
𝑥∈𝐶𝑖,𝑦∈𝐶𝑗

𝑑(𝑥, 𝑦)

• ΔI = max
𝑥,𝑦∈𝐶𝐼

𝑑(𝑥, 𝑦)

•
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3
Application to Climate Data

Comparison via Evaluation Metrics / Interpretation of Results



3 Dataset

Mean Temperature Data of Korea and Japan

•

•

•

•

•
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3 Dataset

Functional Representation of Data

•

•
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3 Clustering Methods

44

•

•

•

•



3 Clustering Results

Comparison via Silhouette Coefficient

• ≥

•
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3 Clustering Results

Comparison via Dunn Index

•

•
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3 Clustering Results

Comparison via Dunn Index

•

•
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3 Clustering Results

Best Results – FunFEM, K = 4
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3 Clustering Results

Best Results – FunFEM, K = 5
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3 Clustering Results

Best Results – FunFEM, K = 4
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3 Clustering Results

Best Results – FunFEM, K = 5
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3 Interpretation of Results

Interpreting the Clusters
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3 Interpretation of Results

Köppen climate classification

•

•

•

53



3 Interpretation of Results

Köppen climate classification

Dwa

Dfa

Cfa

Dwb
Dfb

Cwa

Cfa

Dfa

Dfb, Dfc

Af, Am

Cfa
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3 Interpretation of Results

Clustering Results vs Köppen climate classification

•
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3 Interpretation of Results

Clustering Results vs Köppen climate classification

•
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3 Interpretation of Results

Why did FunFEM perform so well?

•

•

•
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3 Interpretation of Results

Why did FunFEM perform so well?

•

•

•

58



3 Interpretation of Results

Poor performance of FADP1 and curve aligning algorithms

•

•

•

59



3 Interpretation of Results

Poor performance of FADP1 and curve aligning algorithms

•

•
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3 Summary

•

•

•

•

•

•
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Appendix

fPCA / More Clustering Results



A fPCA

Dimension Reduction via fPCA

•

•
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A fPCA

Dimension Reduction via fPCA

•
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A fPCA

Dimension Reduction via fPCA

•

•

•
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A

66

Clustering Results

FADP2, K = 3



A
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Clustering Results

FADP2, K = 10


